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Abstract

The application of linear regression to data analysis is traditionally a tedious calculation dele-
gated to a computer. This article presents a physical model to facilitate an intuitive way of thinking
about the meaning of a fit, particularly the slope. In this simple model, data points are envisioned
as beads applying torques on a massless rod. As an illustration of how this model can help col-
leagues directly address special questions about fits, the model is applied to a situation in which
repeated measurements of the dependent variable (y-values) are made at each of the independent
variable values (x-values), and vice versa. The question posed was, “Does the slope depend on
whether a linear fit is done with all of the data points or on data where the repeated measure-
ments have been averaged first?” The answer can be calculated mathematically or by a computer;
however, this paper provides a method for intuiting an answer using introductory-level physics. In
addition, the model arrives at the coefficient of correlation formula in a very straightforward way,
and as a final perk, it makes the recollection of the least-squared slope formula and coefficient of

correlation much easier.



I. INTRODUCTION

When teaching data analysis to students or discussing the subject with colleagues, it is
common to encounter questions about hypothetical data collections and how different fit
procedures would impact the fit of a line. To approach such questions mathematically is
often difficult and time consuming, often starting with the lumbering motion of looking up
the formula for a least-squares fit. This paper presents a physical way of thinking about a
linear least-squares data fit and includes an example of how the model can be useful.

In particular, two methods of fitting a line to “clustered” data will be compared. To illus-
trate the question, consider an example in which several measurements of a wire’s resistance
are made at a particular temperature, and this procedure is replicated for several different
temperatures. A typical way for a scientist to handle such data is to average the points in
each cluster (the resistance measurements taken at each temperature, in this case) and then
make a weighted fit of the averaged data values; call this the “standard” approach. But how
would the slope calculation change if a scientist elects to simply fit a line to all of the data
points without averaging the clusters first? Will the slope of this “full data fit” agree with
the standard approach? The physical model presented in this paper can shed some light on
this question, as will be shown. For simplicity, this analysis will be restricted to data with
error along the y-axis only or along the z-axis only, but not both.

The physical model is presented in Sec. II, including a derivation of the standard least-
squares-fit slope from the model. Section III will explore the clustered data example men-
tioned above. Additionally, Sec. IIIC gives a straightforward way of thinking about and
remembering the coefficient of correlation, R?. Finally, Sec. IV shows that the model can

be applied to weighted fits as well.

II. A PHYSICAL MODEL FOR LINE FITTING

First, the physical model will be described, and then it will be used to derive the well-

known least-squares-fit formula! for the slope B of a line,
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for a set of N data points of the form (z;,y;). Note that each of these sums is from i = 1 to

(1)

N. This abbreviated notation will be used throughout for simplicity, except in cases where



the full notation is needed for clarity.

In this physical model, each of these data points is treated as if it is a bead of mass m
on a horizontal, massless rod resting on a fulcrum. Each point’s z-value gives the bead’s
horizontal location on the rod. A point’s mass times its y-value represents a vertical force
the bead exerts on the rod. For an unweighted fit, the masses of all the beads are equal and
can be assigned a value of 1, which means that, in effect, y-value alone can be treated as the
force. This simplification is used throughout the rest of this section and the next. Weighted
fits will be addressed in Sec. I'V.

The fulcrum of the rod is located at the x-coordinate of the center of mass of the beads,
which is equal to the average of the x-values in an unweighted fit. Positive y-values are
chosen to be forces acting vertically upward on the rod, and negative y-values to be forces
acting vertically downward. An example of assigning data values to the model is shown in
Fig. 1, where two data points of a fictitious data set are displayed. It will be shown that the
slope of the best fit line for this data is given by the angular acceleration « of the rod due

to the beads.
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FIG. 1: A physical model for line fitting, in which data points are thought of as beads of mass
m applying forces to a massless rod. The fulcrum of the rod is placed at the z-coordinate of
the “center of mass” of the data points. The z-coordinates of the data points indicate the

position of the beads, and the y-coordinates represent forces.

The first step to proving this is to calculate the net torque that the beads exert on the
rod. As stated above, the fulcrum of the rod is located at the z-coordinate of the center of
mass, denoted x.y,. In the case of unweighted data (equally weighted beads of mass m = 1),
this is also the average of the x-values of the data, ., = = = % >; %;. Recall the usual

torque formula 7 = rF'| , where F'| is the force perpendicular to the rod applied at a distance



r from the fulcrum. In this model, F'| corresponds to a given data point’s y-value, and the
distance r becomes (x; — Z). As a result, the net torque exerted on the rod by the beads is
T= Z(% — Z)y;. (2)
Expanding this expression, substituting in the expression for z, and simplifying gives
1
Next, consider the moment of inertia of the beads on the massless rod. The moment of
inertia for a point mass m is I = mr?, where r is the distance from the rotation axis. With
equally weighted beads of mass 1, the rotational inertia for this rod-and-bead system is
I=> (;—7). (4)

Again, expanding and substituting in the expression for T gives

Iszf—%(Zx) : (5)

The angular acceleration can then be expressed as
T _ > Tili — %ZZ%ZZ%
= iy

Multiplying both the numerator and denominator by N reproduces Eq. (1), where the slope

o =

(6)

B is equal to the angular acceleration « of the rod due to the beads. Thus, the least-squares-
fit slope formula can be derived from simple physics equations applied to this rod-and-bead
model.

Equation (1) can be further simplified by shifting to a reference frame in which the vertical
axis passes though the center of mass so that z., = z = 0. (The center-of-mass frame is
an obvious such choice, but the condition y., = 0 is not necessary to simplify the slope

equation.) In this new reference frame, the slope equation reduces to

I: sz?

Equation (7) will be used throughout the paper to show the utility of this model.

[Icm =T = 0] (7)

Note that one only needs to remember this rod-and-bead model to figure out the formula

for the slope of a line. Determining the angular acceleration of a system is a skill physicists
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usually have readily at their disposal and can use intuitively. Up to now, only unweighted
fits have been discussed, but Sec. IV will show that the rod-and-bead model still applies to
weighted fits, with the mass of each bead corresponding to the the assigned weight of the
associated data point.

As a first example of how this physical model can elucidate an aspect of line fitting,
note that data with z-values near the center of mass do not significantly affect the slope.
This rod-and-bead model makes this obvious since these points would correspond to masses
resting near the fulcrum, which of course would not provide much torque or rotational inertia.
This can also be quantitatively confirmed with Eq. (7) by noticing neither the numerator or
denominator are significantly affected by data with xz-values near zero. Instructors commonly
advise students revisiting an experiment to try to gather extra data at the extremes rather
than at the center of their graphs. The logic behind this instruction is easily explained by
this physical model.

III. PHYSICAL MODEL APPLIED TO CLUSTERED DATA
A. Data with Vertical Clusters

Now the model can be applied to the question posed in the introduction: How does
averaging or not averaging data clusters affect the fit of the line? Consider data where there
are multiple y-values for each z-value, such as that shown on the graph on the left side of
Fig. 2a. The data is conveniently plotted in a reference frame with z., = 0. In a full data fit
approach, let each x-value be represented by one bead. If there is a cluster of n data points
at a given x-value, the corresponding bead on the rod will have a mass of n units. In the
example of Fig. 2a, the beads each have three unit masses. The force each bead exerts on the

massless rod is equal to the sum of the y-values of the points in the associated cluster. The

_ 1 _ (=D(=45)+(0)(.03)+(1)(4.47) _ 89T _ 1 495,

slope of this line would be given by Eq. (7): B = 7 ST 3021312
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FIG. 2: (a) Sample data with vertical clusters of data, graphed (left) and modeled (right).
Note that, in the model, the y-value “forces” are summed for points with the same z-value.

(b) Same data with clusters averaged, graphed and modeled.

Alternatively, the standard approach calls for averaging the y-values of each data cluster
and fitting a line to those average values. Figure 2b shows the averaged data values and
the corresponding physical model. Notice that the beads now have unit mass. Both the

torque and the rotational inertia decrease proportionally so the result is exactly the same,

B = = — EDELHHO(03)+(1)(149) _ 2.99
-1 (—=1)2+(0)2+(1)2 -2

demonstrate an application of the model.

= 1.495. This calculation was done explicitly to

As to the question of whether it matters whether a full data fit or a standard fit is used,
it does not for this case. However, that conclusion would be different if the number of
data points in each cluster were not the same. The slope for the full data fit will be more
influenced by the larger clusters, and agreement between the standard and full data fit is
not guaranteed.

This can also be shown mathematically, without the usage of the model, by directly
manipulating Eq. (7), which is implicitly a full data fit when applied directly. Suppose
there are NV clusters, which means that there are N values for the independent variable

x, labeled {z1,xs,...,xx}. For each value of x, there are n measurements of the y value,



{v11, Y125 - - s Y1ns Y215« -+ Y2y - - - YN t- Using this notation, Eq. (7) becomes

N N _ _
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where y; is the average of the y values in the i-th group. Notice that the original expression

B

for the slope [Eq. (7)] is recovered except with the average y-values instead of actual y-values,
which is how the standard-fit slope is calculated. So as long as each cluster of points has
the same number of members, it doesn’t matter whether a standard or full fit is done; the
result is the same. Otherwise, the results of the standard and full data fits will not match

exactly.

B. Data with Horizontal Clusters
1. Discussion

For data with horizontal clusters, in contrast to data with vertical clusters, full data
and standard fits generally do not agree, even when the number of data points in each
cluster is the same. In fact, for data with horizontal clusters, the standard fit will yield a
steeper slope than a full data fit. This is easy to see using this model, but first, consider
a simple example. Imagine data points (—5,—1),(—4,—1),(-3,—1),(3,1), (4,1),(5,1).
Figure 3 dispenses with the graph of the hypothetical data and goes straight to the model

to compute the respective slopes.



|
U

|
[

|
e
(U
[E—
[E—

|

N

|
SR
|
Sad e
o
St
N

I
St
N

-5

3 /\ 3
(b)

FIG. 3: (a) Modeled version of sample data with horizontal data clusters. (b) Same data

with clusters averaged before modeling.

In Fig. 3a, the data points are represented as six beads with force (y-values) of magnitude

1 on each bead; the forces on the left are negative while those on the right are positive. A
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full data fit gives B = T (2T )2 P A2t (572 = {55+ In the standard

approach, the fit uses the average of the data clusters, as shown in Fig. 3b. In this case, the

average x-position on the right cluster will be x = 4 and the one on the left will be x = —4.
The average force (y-value) is —1 and +1, on the left and right bead, respectively. For this
fit, the slope is B = % = 3%, which is slightly steeper than the full-data-fit slope.

This difference in slope can be explained with the physical model, where one can see
that both the torque (numerator) and rotational inertia (denominator) for the full data fit
are larger than that of the standard fit. In the example, the torque for the full data fit is
larger by a multiplicative factor of three due to the contributions of the three values from
each cluster. The moment of inertia of the full data fit, however, is larger by slightly more
than a factor of three. To understand this, consider that, in the case of the full data fit, the

denominator of the slope is the moment of inertia of all the data points (/g,;). When the

data points in each cluster are averaged for the standard fit, some information is lost. In this



case, the lost information contains the contribution due to the internal moment of inertia of
each cluster (i, ;) about its center of mass. Each cluster in the standard fit contributes only
one term for the moment of inertia, namely the cluster’s center of mass about the fulcrum
(Lem,i)- In contrast, the full data fit includes two terms (Iem ; + fint,;) from each cluster. Thus,
the standard fit’s effective moment of inertia (I.g) is not proportional to the full moment of
inertia because of the excluded internal terms. As a result, the numerator and denominator
of the standard fit are not changed by the same multiplicative factor, and the result is a
steeper slope in the standard-fit case. This will be shown analytically below.

Because the internal moments of inertia of the clusters are the source of the discrepancy
between the two methods of calculating the slope, the two methods should approximately
agree when those internal terms are small. This will occur when the clusters are sufficiently
compact, which makes sense intuitively. More detail on these findings appears in the follow-
ing subsubsection to help substantiate this simple model, but hopefully, it will not distract

the reader away from this intentionally intuitive physical model for thinking about line fits.

2. Analytic Comparison

To see the slope discrepancy mathematically, again let N be the number of clus-
ters. In the case of horizontal clusters, there will be N wvalues of y, denoted
{y1,y2,...,yn}. For each value of y, let there be n measurements of the x value, giving
{z11, %12, ..., T1n, T21, - - -, Ton, - -, TNn ). Using this notation, Eq. (7) for the full data fit
becomes

S Y Ty e

Bra = —x =, = - (9)
Dim1 Zj:l xzzj Trun

Note that the labeling of the numerator and denominator as 7gu and Ig., respectively,

follows directly from Egs. (2) and (4) being summed over all the data points (with mass 1)
in a reference frame with x., =z = 0.

The full-fit moment of inertia I, can be calculated via a different but more complicated
method than using Eq. (4). Doing this will illustrate the different contributions to the
moment of inertia and how that relates to the differences between the standard and full
fit techniques. This alternate method consists of first finding the moment of inertia of
each cluster about its own center of mass, then using the parallel-axis theorem to find the

corresponding moment of inertia about the model’s fulcrum (at z., = z = 0), and finally

9



summing over all the clusters, as follows.

First, the internal moment of inertia of the i-th cluster about its center of mass is

n

Lingi = Z(% —7)°, (10)

j=1
where Z; is the average of the z-values in the i-th cluster and all points are assumed to have

a mass of 1, similar to Eq. (4). This expression can be expanded and simplified to give

n n 2 n n
Lingi = Z%QJ - % (Z I'j) = % Z Z(xza —z)?, (11)
j=1

j=1 a=1 b=1

where the final equality is given by the useful (and general) relationship

%ii(wa—xb)Q :néazi— (éag) : (12)

a=1 b=1

Note that the 2n in the denominator of Eq. (11) is a little deceptive since it seems to indicate
that Iing; gets smaller as n increases. However, that is not the case. The factor of 2 corrects
for double counting, while the factor of n compensates for the fact the rotational inertia
comes from the z-value distances from their cluster averages, rather than their distances
from each other, which the argument of the sum contains.

The next step is to find this cluster’s moment of inertia about the fulcrum. The parallel-
axis theorem indicates that a term of the form md?, where m is the mass of the cluster and d
is the distance (Z;) from the cluster’s center of mass to the fulcrum, must be added to fin .
The mass of the cluster is n because each point has mass 1 and the cluster has n members.
So this added term is Ioy,; = nZ?.

Summing over all the clusters gives the full moment of inertia,

N N

Ipgn = Z (Lemyi + Lint,i) = Z <mﬁz2 + Z(% - $1)2> . (13)
=1

i=1 i=1
Expanding and simplifying this expression will reproduce the much simpler form Ip, =

SV > i, x3; that appears in Eq. (9).
To see how this relates to the slope difference between the two line-fitting methods,

consider the standard-fit slope, found by plugging the average z-values into Eq. (7) to get

Bgpg = =4517020 (14)



It is straightforward to show that the numerator, or 7sq, is proportional to Tgu,

N
TFu
TStd = jlyl Z ( szj> Y = i H (15)

i=1 i=1
However, the denominator of Bgyq, denoted leg, is not simply I, /n because the contribution

of the internal moments of inertia of the clusters is no longer included,

N N
1
I = ;3322 = Zl n[Cm’L ([Full — Z [m“> . (16)
Thus,
Bstd T5ud — Tl (17)

B IeﬂC B IFull - ZZ ]int,i '
For completeness, the standard-fit slope can be expressed in terms of the original data points

only,
N n
D it 2ujer Tijli
N )
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by using the definitions of the various terms plus Eq. (12). By comparing Eq. (9) for Bra

BStd =

(18)

and Eq. (17) or (18) for Bstq, it is clear that the slope’s denominator in the standard fit
is always smaller than that for the full data fit (in the case of horizontal clusters of equal
size) because of an extra subtractive term, and hence the standard fit will always produce a
steeper slope than the full fit in these circumstances.

As mentioned at the end of Sec. III B 1, the standard and full fits will agree reasonably well
when the clusters are sufficiently compact, meaning that the typical width of the clusters is
significantly less than the width of the entire data set. In that case, the differences |z;; — 7;|
are generally small compared to |z;;| for most clusters. Some terms near the fulcrum may
have |z;; — Z;| 2 |zi;|, but the magnitude of those terms will be quite small (because of their
proximity to the fulcrum) compared to the typical size of the terms from the other clusters.
So even if |x;; — ;| < |x;;] is not true for all terms, the relationship >, int; < D, om,; Wil
hold as long as it’s true for most. As a result, the ). [y ; contribution should be negligible,

giving log ~ Iya and Bsiq & Brun.

C. R? Interpretation

A natural question to ask is, “What happens when the two axes are reversed? Is the new

slope the inverse of the old one? That is, does By, x By, = 177 The answer is usually “no.”
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Applying Eq. (7) as an expression for By, and for By, gives

B. xB. — > TiYi % > Yii _ > zy;)?

This is actually the coefficient of correlation, R?, in the center-of-mass frame. (Note: In this

(19)

case, the center-of-mass frame is necessary because the x- and y-axes are being swapped
in the slope formula. Therefore, a reference frame in which both z., = 0 and y¢, = 0 is

needed.) For comparison, the standard expression for the coefficient of correlation® is
- _\12
e o= 2w — )
Y@ —x)? 3 (i —y)?

where Z and ¢ represent the average values of {z;} and {y;}, respectively. In the center-of-

(20)

mass frame,  and y are both zero (z = zo, = 0 and § = Yo, = 0 for unweighted data),
reducing this expression to the final term in Eq. (19). Thus, the coefficient of correlation
naturally falls out from this model. If the data are perfectly linearly correlated, R? = 1, and

consequently B, X B,, = 1 in that special case.

IV. PHYSICAL MODEL APPLIED TO WEIGHTED FITS

The slope of a weighted fit! is given by
B— D Wi Dy Wity — D5 Willy ), Wil
Do wi > wiwd — (32, wiwy)? ’

where w; are the weights assigned to the data points. This expression can be derived from

(21)

the rod-and-bead model using the same method as in Sec. II but with a few modifications.
Before, it was assumed that all data points had the same weight and were assigned unit
mass. Now, the weight w; of each point becomes the mass of the corresponding bead in the
model, and the force the bead exerts on the rod is now w;y; instead of just y;. Also, the
average of the z-values is no longer equal to the center of mass, so the z terms appearing in
the equations of Sec. II revert to x¢py,.
In this case, the torque exerted on the rod by the beads is
1

T= Z(ﬂﬁz — Zem)(Wiy) = Z WikilYy = 5 Z WiZ; sz‘yi ; (22)

where M = . w; is the total mass of the beads and z¢y, = ﬁ >, wiz;. The moment of

inertia is similarly
2
1
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Using these two expressions to calculate the angular acceleration o« = 7/ and multiplying
both numerator and denominator by M reproduces Eq. (21). As in the unweighted case, the
data can be moved to a frame with z., = 0 for simplicity, and the slope equation reduces

to
i Wiy

When weights do not vary too much, as in typical undergraduate experiments, the slope

— 0] (24)

will not be too different from unweighted fits. In the scheme of this model, the torque and
rotational inertia both increase or decrease almost proportionally and the angular acceler-
ation (i.e., slope) isn’t impacted much. In general, much of the previous discussion about

unweighted fits should apply to weighted fits as well.

V. CONCLUSION

It has been shown that line fitting can be thought of in a physical framework to help
facilitate discussion between scientists. This physical rod-and-bead model allowed questions
regarding clustered data to be readily addressed. While this manuscript contained more
math than preferred in light of the goal, it was included to convince the reader of the fidelity
of the model and its application. Once comfortable with the implementation of the model,
the reader will hopefully be able to intuit conclusions more efficiently than trying multiple
fits on a computer or staring at the summations in Eqs. (1) and (21). The coefficient of
correlation R? emerged naturally from the model, and as such, is a natural quantity to
consider using. Finally, it was demonstrated that the model can also be applied to weighted

data, where the beads in the model take on a more literal meaning of the term “weight.”

1 John R. Taylor, An Introduction to Error Analysis, 2nd edition (University Science Books,
Sausalito, 1997).
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